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We prove by the theory of algebraic numbers a result (Theorem 3) which, 
together with our earlier results (Theorems 1 and 2) yields a simple procedure for 
showing that Catalan’s equation xP- y4 = 1 has only trivial solutions (x, y) in 
integers for a large set of prime pairs (p, q) (cf. particularly Theorems 6 and 8). I f  
the equation has a solution (x, y) in natural numbers for a pair (p, q) with p and 
q odd primes then, for instance, at least one of the exponents p and q is a89 and 
x and y  contain in their ordinary decimal representations at least 180 digits. 
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1. INTRODUCTION 
In this paper we shall deal with Catalan’s equation 
xp-yy= 1, (1) 
where p and q are odd primes, and we shall present some results con- 
cerning its solution (x, y) in non-zero integers (or in natural numbers). We 
refer to Ribenboim [ 111 for the history of Catalan’s problem. 
Using the theory of imaginary quadratic fields we have proved the 
following two theorems in our earlier paper [7]. 
THEOREM 1. Suppose that p and q are primes > 3 and p E 3 (mod 4). rf 
q does not divide the class number h( -p) of the quadratic field Cl(&) 
and (1) has a solution x, y in non-zero integers, then 
p’J = p (mod q*), x50 (modq’). (2) 
THEOREM 2. Let p and q be primes with p E q s 3 (mod 4), p > q > 3. If 
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q does nor divide the class number h( -p) and (1) has a solution x, ,v in 
non-zero integers, then 
py = p (mod q’), qp z q (mod p’). (3) 
We have used these theorems together with some well-known tables 
to show that for a very large set of pairs (p, q) Eq. ( 1) has only trivial 
solutions (see [7, p. 2891). Really it can be shown that this is true for an 
infinite sequence of prime pairs (p, q) with min(p, q) --+ co. In comparison 
with Tijdeman’s famous theorem (see [13]) this result is only worthy of 
notice from the standpoint of method used. However, Theorem 1 does not 
give an answer, e.g., in the simple case (p, q) = (7, 5), because 7’ s 7 
(mod 5*). After several unsuccesful attempts the finding of the following 
theorem brought the solution for this case as for many others. 
Let [,,, be a primitive mth root of unity, K, the cyclotomic field Q(<,,,), 
and D, the ring of algebraic integers of this field. 
THEOREM 3. Let h, and h, be the class numbers of the cyclotomic fields 
K, and K,. Suppose that Catalan’s equation ( 1) has a solution x, J’ in 
non-zero integers. Then 
(i) x-0 (modq2) andpY=p (modq’), if q[h,, 
(ii) y = 0 (mod p2) and qPE q (mod p*), ifp 1 h,. 
2. PRELIMINARIES 
Cassels [3] has shown that q 1 x, p 1 y, if (x, JJ) is a solution of (1) in 
non-zero integers. By this result it follows from (1) that 
x - 1 = pq- ‘aq, y + 1= qp ‘b”. 
(XP - 1 )/( .K - 1) = puy, (.t’” + 1 )/( y + 1 ) = qv”, (4) 
.v = pau, s = qha, 
where a, h, u, v are non-zero integers and p 1 u, q j v. 
LEMMA 1. Zf Eq. ( 1) has a solution in non-zero integers, then 
.Y- -(pyP’-1) (modq’), jj=qp--‘-l (modp2) (5) 
and so 
x0 (mod q2)opq= p (mod q*), 
.vz 0 (mod p2) o qP = q (mod p2). 
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ProoJ By Cassel’s result mentioned above it follows from the first two 
equations of (4) that 
x=(p~-‘-l)u~+a~+l~o (mod d, 
y=(qP-l-l)bp+bp-l=O (mod P). 
(6) 
Because of Fermat’s theorem these congruences imply that q ) ay + 1 and 
p 1 bP - 1. As is well-known, now even q* ) a4 + 1, p2 ) bP - 1. Making use of 
these facts we deduce from the equations included in (6) that the congruen- 
ces (5) hold true. This completes the proof. 
THEOREM 4. Suppose that (1) has a solution in non-zero integers. If the 
class number h, of the cyclotomic field K, is not divisible by q, then there 
exist in this field conjugate complex integers tl, ol and /I, B, distinct from 
units, such that 
where E and q are real units in the ring D, of integers of K,. 
ProoJ From (4) we have 
(7) 
Here c = [, for brevity and u is an integer > 1, since lx/> q > 3 and there- 
fore 
Furthermore, p = (1 - [)( 1 - [*). , . (1 - ip-‘) and hence Eq. (8) may be 
written as 
P--l 
n ai=u9 with 6, = (x - [j)/( 1 -ii). (9) 
i= 1 
Here the factors di belong to the ring D,, since 
si=(x-l))/(l-~i’)+l, plx-1. 
Moreover, the ideals (Si) are relatively prime in pairs. If, namely, a prime 
ideal B divides (Si) and (Sj) (i# j), then 9 I ([j-c’) whence $P= (1 -[) 
and ~5~ = 1 (mod 9’) contrary to di = 0 (mod 9). 
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Now we deduce from (9) that 
(hi) = s4y (i= 1, 2, . . . . p- I), 
where 4 is an ideal in D, distinct from (1). 
Because q and the class number h, are relatively prime, .dj is a principal 
ideal. Thus 
S-[=E1(l-[)CI~, 
where s1 is a unit and a, an integer in D,. As is well-known, e1 can be 
written in the form cks 1, where q, is a real unit in K, and k E Z. If [ is 
replaced by c2 in the above equation, it follows that 
x-~2=~2k+‘rj(~~‘-~)a~. 
Here again 4 is a real unit and a2 E D,. Since (p, q) = 1 and so 1 = up - bq 
(a, b E h), the factor c2”+’ = [-“k+ ‘lb4 can be absorbed in the qth power 
and hence the equation obtains the form 
.Y-p=q((-‘-()y”, (10) 
where y is an integer of D, (not a unit). 
Complex conjugation acts as an automorphism in K,, sending [ to <- ‘, 
Thus it follows from (10) that 
.y-i-*= ul(i - i ~ ’ w, 
since 9 is real. 
Eliminating x from these two equations, we find 
i+i-‘=q(y”+jq. 
The number s2 = (i + <-‘)/q is a real unit in K, and, using the above linear 
diophantine equation between p and q, we can write this result in the form 
asserted in our Theorem (E = E;, a = E~Y). 
Multiplying relation (10) by c--*, we obtain 
i--*x- 1 =$?((-‘-[)p 
with /I = [“y. Taking complex conjugates we find 
[‘x - 1 = q([ - [ ~‘)By. 
Subtract and divide by q( [ ‘- ’ - [) to obtain 
q’x = 8” + p, 
where 9’ is a real unit. This completes the proof of the Theorem. 
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By the former equation of (2) we may give a very short proof for 
Catalan’s conjecture in the case where p or 4 equals 3. Also we make use 
of the well-known algebraic relation 
(4 -1 )I2 x4+y4-(x+y)Y= c 
h=l 
= 9XY(X + Y) f(x, Y), (11) 
where f(x, y) is a polynomial in x, y with integer coefficients. 
We suppose that p = 3, q 2 5, and (1) has a solution x, y in non-zero 
integers. Now K3 is the quadratic field Q(n) in which 1 and - 1 are the 
only real units. Clearly c1+ 5 is equal to _+ 1, since it is real and divides, by 
(7), the unit s3. Putting in (11) x = ~1, y = Cr we obtain further by (7) 
(4 ~ 1 v-7 
(*+(fl)Y= +q(cY.a) 1 (-l)hCh(aOT)~~l, 
h=l 
where Ch is an integer for every h. The difference on the left-hand side is 
either &2 or 0. Since it is also divisible by the odd prime q, it must be 
equal to 0. Dividing the equation by q(ctCr), we see that the first term on the 
right-hand side will be equal to + 1 and will be divisible by a. This is a 
contradiction since CI is not a unit by Theorem 4. This confirms the truth 
of our statement. 
Hereafter it can be assumed that p and q are at least 5. 
3. THE PROOF OF THEOREM 3 
Suppose a solution (x, y) of (1) in non-zero integers exists. The proof is 
based on the latter equation of (7). Also, we again make use of the relation 
(11). Taking in it x=8, y=p we have 
‘tx=84+84=(P+B)y+9(B8)(P+8)6, (12) 
where 6 is an integer in D,. Clearly all the integers ‘I, /?, p, 6 belong to the 
field K,. 
According to Cassels [3] q 1 x and so (in the integral domain Dp) 
(p+p)“-o (mod 4). (13) 
By the well-known fact (cf. Hilbert [S, Satz 119]), the ideal (q) has in the 
field mentioned the factorization 
(q)=S, ..‘22&,,, 
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where &‘s are different prime ideals with the degree f = (p - 1 )/e. Let 2 be 
one of these prime factors. Now (13) implies that ?J 1 fl+ p and so 
9” 1 (fl + &‘, 22 1 qj?fl(fl+ /I). Therefore, from (12) it follows that 
x ( = qxl) is divisible by ZJ2 and thus 2 1 x r, i.e., q ) x, , since 2 11 q. Conse- 
quently, x is divisible by q2 and therefore y + 1 by qzp ~ ‘, which may easily 
be seen from (1). 
From Lemma 1 we see immediately that also the congruence py = p 
(mod q2) holds. This can be established also as follows. 
We have 
Since here every term of xp- ‘, . . . . x is divisible by q2, this implies that 
puq= 1 (mod q2) 
and further 
/f/ - Iu(PkA = 1 (mod q2). 
Applying Euler’s generalization of Fermat’s theorem we finally find 
P 
y--I - = 1 (mod q2). 
Naturally case (ii) follows from (i) since (1) may be written in the form 
( - y)” - ( -x)~ = 1. This completes the proof. 
Remark. Instead of the relation (11) we could have above employed the 
factorization formula 
P+By= n (B+i:B) 
h=O 
Now in the field Q([,,) (i,, a primitive pqth root of unity) the ideal (q) 
has the factorization 
(q)= (Jl . . ..$.y-‘. 
where J!?‘i’s are different prime ideals with the degree f = qo(~)/e (p Euler’s 
function, cf. [4, pp. 522-5231 or [S, Satz 1251). It is not hard to see by (7) 
that the factors of the product on the right-hand side are divisible by every 
prime ideal &. 
4. APPLICATIONS 
Consider first the case (p, q) = (5, 7), which was the starting point for 
this study. Now h, = h, = 1, whence 7 J h,. Since still 5’ = ( - 2)’ G 19 f 5 
MI ‘34;2-2 
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(mod 72), it immediately follows from Theorem 3 that the equation 
X+7= 1 has no solution in non-zero integers. 
In order to study more generally the existence of solutions of (1) we will 
need all of Theorems 1, 2, and 3. Combining Theorems 1 and 3, we have 
COROLLARY 1. Zfpy f p (mod q2) and either q 1 h, or p 3 3 (mod 4) and 
q / h( -p), then (1) has only trivial solutions. 
Since we can write (1) in the form (-v)“-(-x)~= 1, p and q may be 
interchanged in this corollary (and also in the following three theorems). 
In our earlier paper [7] we have stated 
THEOREM 5. Equation (1) has only trivial solutions for the pairs (p, q) 
with pzq_=3 (mod4), 5,<p, q<200. 
The class number h, of the field K, can be represented in the form 
h, = hp hp’ , where hl is the class number of the maximal real subfield of 
K, and h; is a natural number. The value of the factor hp has been 
tabulated, e.g., in the books of Ribenboim [11, pp. 13&131] for p < 163 
and Washington [ 14, pp. 353-3601 for p < 257 (cf. also [8]). For hc there 
are the following results (see [14, p. 3521 or [8]). 
If p < 67, then h,+ = 1. This holds also for p < 163 if the generalized 
Riemann hypothesis is valid. Thus h, = h; for p < 71 and the tables yield 
directly the corresponding value of h, (with the prime factorization). 
THEOREM 6. Equation (1) with 5 <p < 73, 5 < q < lo4 has no solutions in 
non-zero integers, possibly with the exception of the following five pairs: 
(19, 137), (53,97), (53,4889), (59,2777), and (61, 1861). 
Proof: The table below, having been made from the well-known tables 
included in [ 1, 2; 10-12, 14) gives for every prime p with 5 <p 6 71 all 
primes q with 5 <q < IO4 such that at least one of the following conditions 
(i) and (ii) is valid. 
(i) q ) h( -p) when p =43, 47, 59, 67, 71, or q 1 h, for the other 
primes in question, 
(ii) p4 =p (mod q2). 
P 4 P 4 P 4 
5 23 13 41 5 
7 29 53 47 59 97 4889 
11 71 31 7 79 6451 59 277-l 
13 863 37 61 41 1861 
17 41 11 29 67 7 47 
19 7 13 43 137 43 5 103 71 7 41 331 
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It is enough to establish the assertion for the pairs (p, q) given in this 
table. 
The case of a pair (p, q) with q < 71 is clear, if (q, p) does not appear in 
the table (this completes the proof for the majority of all cases). From 
Theorem 5 it follows at once that the same holds also for the pairs (11, 71) 
(31,79) and (43, 103), since now p-q- 3 (mod 4). Consequently, we need 
to consider only the pairs (863, 13), (6451, 31) and (331,71). Now (see 
[lo]) h( -p) = 3.7, 17, 3 (resp.), whence the condition q J h( -p) holds in 
every case. Furthermore 863 l3 s 70 f 863 (mod 13*), 645131 s 33’ s 623 f 
6451 (mod 3 1 *), and 331” = 757 (mod 71*). A short calculation gives these 
results or also the table of Niewiadomski [9] could be used. This finishes 
the proof of Theorem 6. 
Combining Theorem 6 and the results presented in our paper [7, p. 2891 
concerning the pairs p=4m+ 3, q=4n + 1, we find 
THEOREM 7. Equation (1) has only trivial solutions for the pairs (p, q) 
with p = 3, q 5 1 (mod 4), 5 G p, q < 200, possibly with the exception of the 
pairs (19, 137) and (107,97). 
By Theorem 6 we can prove easily also the following. 
THEOREM 8. Equation (1) has no solutions in non-zero integers, if 
56p, q<89. 
Proof: From Theorem 6 we see that the assertion is true for 5 <p < 73, 
5 Q q < 89 (and naturally also for 5 bp < 89, 5 <q < 73). It is therefore 
enough to treat the cases (p, q) = (79,73), (83,73), and (79, 83). Now 
79 = 83 G 3 (mod 4) and h( - 79) = 5, h( - 83) = 3. The last case is clear by 
Theorem 5. In the other two cases 73 J h( -p) and p73 f p (mod 73?). 
Corollary 1 completes the proof. 
Remarks. Using the tables [2, 121 we verify that the bound lo4 in 
Theorem 6 can be replaced also by the much higher 106. Then, however, 
the exception pairs (p, q) will be 13 in number. From the tables it is also 
apparent that for a given p the q’s satisfying the condition pq -p (mod q2) 
are fairly seldom met with in the sequence of the primes. Also the 
theoretical fact that the congruence xq- ’ = 1 (mod q*) has only q - 1 roots 
(distinct mod q2) is indicative of the same. Obviously, the pairs (p, q) for 
which the congruences (3) are simultaneously valid very rarely occur. One 
such a pair of primes is (2, 1093), which is added to the famous criterion 
of Wieferich concerning Fermat’s last theorem. For instance, it can without 
any calculations be seen from the table of Riesel [ 121 that not a single one 
of the pairs (p, q) with p, q < 150 satisfies the conditions (3). 
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According to the table of Washington [14] there exists a pair, namely 
p=47, q=139, f or which both the conditions p ( h;, q 1 h; hold true. 
Note furthermore that at the utmost one of the conditions q ) h( -p) and 
p I h( -4) may be true, since h( -p) <p. Also h( -p) increases relatively 
slowly (as p increases), evidently much more slowly than h,. On the other 
hand, Theorems 1 and 2 have the disadvantage that they give no result for 
the cases when p = q = 1 (mod 4) (cf. Theorem 3). Finally, if we assume 
that the generalized Riemann hypothesis holds, then hJ = 1 and so h, = h; 
for p = 97, 137 and it is easily seen from Corollary 1 that the pairs 
(19, 137), (53,97), and (107,97) can be dropped out of Theorems 6 and 7. 
5. ESTIMATES 
HyyrG [6] has proved that min{x, v} > lo”, if the positive integers x 
and y satisfy Eq. (1). By combining some of Hyyro’s theoretical results and 
our Theorem 6 we wish to improve this estimate as follows: 
min{x, y} > 1O’79 (14) 
(i.e., both x and y contain at least 180 digits in their decimal representa- 
tions). 
The main result of Hyyrij concerning estimates is included in his 
Hilfssatz 2, of which the following slightly weaker form is sufhcient for our 
calculations : 
logx~max((q-1)log(pfq-1))+log(q-1),plogq+log(4p+2)) (15) 
log ~2 max{b - l)h(q(~ + 1)) +log P, 4 WP(q- 1)) + log(q- 111 
(the base of the logarithm > 1). 
Clearly, by (1 ), x -K y or y < x according as p > q or q > p. Since xp > yy, 
we have also 
logx>% logy. 
Using the latter inequality of (15) this may in some cases give a better 
estimate for log x than the former inequality in (15). It seems to be evident 
that the expression p log q + log(4p + 2) is the weakest member in (15). 
This determines, however, the estimate for the minimum in (14), if p/q is 
large. 
Let 10 be the base of the logarithm. If p or q is greater than 103, then 
min{log x, log y } 2 lo3 log 5 > 500. So we may assume that p and q < 103. 
If now p and q 2 73, then 
min (log x, log y } > 72 log( 72 .73) > 267. 
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Thus we can assume that at least one of p and q is smaller than 73. Since 
5 <p, q < 103, it is sufficient to treat only the two exception pairs (p, q) = 
( 19, 137) (53,97) and the corresponding pairs (q, p), by Theorem 6. 
For (137, 19) and (19, 137) we have (resp.) 
log X b 137 log 19 + log 5.50 > 177.9, 
logy>137log(19.136)>467, 
and for (97, 53) and (53,97) we have log x > 195, log y > 360, respectively. 
To improve the above result concerning the case (137, 19) we use in 
addition to (4) the relations (cf. Hyyro [6, p. 51) 
u= qp-‘bfu, + 1, b, > 1, 01 b 1, 2 1 h,u,, p / 6, - 1 
b- -(pyP1 - 1)/q (mod q), plb-1, 
(16) 
where b, is the greatest positive factor of b (cf. (4)) which has no prime 
factor of the form hp + 1. 
Now b= 1 (mod 137) bs -(13718 - 1)/19 (mod 19). From these con- 
gruences it follows easily that b s 960 (mod 19 . 137). A short calculation 
shows that for each 
b = 960 + 2603k (k = 0, 1, . . . . 6) 
b, = b and so b,3 960. If b has one of these 7 values, then the equation 
x = qbu in (4) gives by (16) for x a very great lower bound. If k = 7, then 
b= 19,181 is a prime (- 1 (mod 137)) and so b, = 1. Because now 2 I u,. 
we obtain by (17) the estimate 
s> 2. 19,181 . 19’37 
and from this further log x > 179.7, i.e. 
I and y > 5. 10’79, 
which implies (14). 
Remark. The other way of estimating a lower bound for .X and y is 
based on Hyyro’s result, which enunciates a connection between the 
continued fraction of a number determined by p and q and a non-trivial 
solution of Catalan’s equation [6, Satz 11. In a joint work of the author 
and Dr. M. Aaltonen under preparation the latter will treat the possibility 
of improving (14) with this method (using a computer). He has already 
established that only the pair (83,487l) satisfies both the conditions (3) for 
3<p, q< 104. 
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